Introduction. The accuracy of numerical approximations of conformal maps
is influenced by two properties of the boundary curve: the local property of smoothness and the global property of shape. We will be concerned here mainly with maps between the unit disk and simply connected regions bounded by Jordan curves and mainly with methods that approximate the Taylor series of such maps from the disk. There are a variety of results, some classical, that say that a conformal map can be extended to the boundary with, roughly, the same smoothness as the boundary. These results may be used, for instance, in a standard fashion, to show the rate of decay of the Taylor coefficients of the map. We discuss such a case below. The effect of the global shape of the boundary is less well known and may be much more dramatic. The map from the disk to an elongated region, such as the interior of a slender ellipse, has relative distortions which vary exponentially with the aspect ratio of the region. This severe ill conditioning, known as the crowding phenomenon for the map to the disk (or the Geneva effect in [25, p. 428], presumably because positions that were far apart were drawn close together) was apparently first noticed independently by [17, p. 179], [21, ?3] , and [31] . It can make the numerical problem difficult or impossible to solve and has been the object of much recent study; see [6] , [9] -[12], [19] , [20] , [28] , [30] , [33] , [35] - [42] , [44] , [ [53] , [55] , and [56] . The map from the disk to a "pinched" region, such as the interior of an inverted ellipse, will also suffer from ill conditioning of a less severe, algebraic nature. We will illustrate both these cases in our examples and estimates below.
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In this paper we give a detailed discussion and survey of the above effects with a focus on Fourier series methods that approximate the Taylor series of the map from the disk to the region. In this case, the crowding for extreme regions is actually an expansion or spreading of the boundary, but we shall continue to call it "crowding." As shown in [15] , [30] , and [55] , for instance, extreme regions may require an inordinately large number of Fourier coefficients, if they can be mapped at all; see also [22] . If we think of the problem as one of resolution, then images of the discrete Fourier points do not resolve extreme boundaries well. In this sense maps to the disk are not so badly affected; see [33] . Thus, a Fourier series map from the disk to the interior of an ellipse of major to minor axis ratio 5 is difficult to produce, whereas finding the preimages of the corners of a rectangle for the Schwarz-Christoffel map to the disk becomes difficult for rectangles of aspect ratio 10 or 20; see [47] .
In the remainder of this section we will give some introductory results, including a proof of Zemach's rule for the smallest number of Taylor coefficients required for even a first order approximation. In ?2, we discuss several popular test cases in detail and show that for families of analytic boundary curves whose nearest singularities outside the disk are known, a more precise form of Zemach's rule can be stated. In ?3, we discuss some more general attempts to estimate the crowding, including results of Dubiner, Gaier, Pfluger, Wegmann, and Zemach and recent related work on domain decomposition methods for computing conformal modules. In ?4, we show how the crowding can affect a numerical solution to a boundary value problem when it is conformally transplanted to the disk. Finally, in ?5, we make some remarks on various other numerical methods, including some recent attempts to avoid the crowding problem by picking more appropriate computational domains.
First, let us define some notation: f will denote the conformal map from the interior of the unit disk D to the interior Q of a Jordan curve F with a parametric representation y = -y(of), where 0 < a < L and a is, for instance, the arclength or polar angle. Also, f will be normalized by f(0) = aO and either f'(0) > 0 or f(1) fixed. Often we will want to consider maps f = f, to a family of curves F, : -y, (a) where 0 < a < 1 and a measures the "thinness" of the region or the distance from f (0) to the boundary. For example, r, might be the family of ellipses of minor-to-major axis ratio a centered at the origin with ao = 0 and major axis [-1,1]. Note that if -y(a) is smooth, then f extends smoothly to the boundary of the unit disk and f(eit) = y((t)), where c(t) is the boundary correspondence function. An easy, standard calculation with the Cauchy integral formula shows that the Fourier coefficients of f(eit) are the Taylor coefficients, ak, of f expanded about 0. That is, for Izl < 1, f(z) = Z=00 akZk. We will imagine approximating f by its truncated Taylor series, fN(z) = Z k= Nk-akZk. Numerical methods, such as those due to Theodorsen, Fornberg, and Wegmann, essentially produce approximate values ak to the N + 1 ak's. The map obtained by using these approximate coefficients in the truncated series will be denoted by fN(z). We will consider mainly the effects of the boundary on the accuracy of fN, since the effects on fN are similar.
Most numerical conformal mapping methods are essentially methods for solving integral equations for a (t) (or t (a) for maps to the disk). For instance, for Theodorsen's method, we start with the auxiliary function, h(z) = log f(z)/z, analytic in D. If F is star-shaped with respect to 0, then -y(a) = p(a)e ia and h(eit) = log p(a (t))+i(a (t)-t). Note that although K is a linear operator, the equation is nonlinear in a(t) (or, more properly, in the 27r-periodic function a(t) -t) with the nonlinearity entering through the "curve information," logp(cr). A method of successive conjugation can be applied to solve the equation. The discretization KN of K can be accomplished by N-point trigonometric interpolation, and the numerical evaluation of KNh(eit) can be implemented with two N-point FFTs. For a thorough discussion of the basis of the various Fourier series methods in function conjugation, see [23] . For similar discussions and other methods, see, for instance, [5] , [16] , and [25] . For collections of recent papers and applications, see [37] , [45] , and [46] . If F is analytic, then the Taylor series for f about 0 can be extended outside the unit disk to a radius R > 1 equal to the modulus of the nearest singularity to Izl = 1.
f may also fail to be conformal if f'(z) 0 for some 1 < Izl < R. For a proof of these statements, see [44, p. 41]. We will discuss the case of analytic F more thoroughly in the context of our examples in ?2. In practical cases F may be considerably less smooth than the analytic cases discussed in our examples. For instance, F may be determined by interpolating a set of points by a periodic cubic spline. Theorem 2 gives a result showing how the error in approximating f by fN depends on N for spline boundaries. In our error estimates we will mainly use the max-norm Ilf llo = max,, I, lf(z) . Other results yielding slightly sharper estimates or using different smoothness assumptions or norms are also possible. We will not pursue such details further here. We will, however, need a theorem that guarantees that the extension of f to the boundary of the disk is roughly as smooth as the boundary parametrization, -y(cr). This is an explicit example of the estimate in [18] . As is shown in Fig. 4 , the errors for Wegmann's method exhibit the same behavior with C = 1, at least for a > .4. For smaller a the errors degrade. This is due to the onset of divergence caused by amplification of rapidly oscillating terms. This "convergence/divergence" phenomenon was noted in [8]. It is discussed in [49] and [50] where cutting off the higher indexed Fourier coefficients in the calculation of the Newton updates is recommended. We have not done this here. Rather, for a = .2 we have used an 0(1/N) perturbation of the exact boundary correspondence as our initial guess. The first few iterations converge rapidly and then the iterations diverge. We note that the data from 1 + (1 -#Wz(i -(1 -3) We may summarize the relation between the singularities and the maximum derivatives in Table 2:   TABLE 2 For example, N = 10 and r = 2 gives an error of less than 10-3, so the map may be evaluated accurately in the interior of the unit disk with only a few accurate coefficients and may look reasonable even when the solution is quite poor.
3. Crowding estimates. In this section we review several estimates for crowding. In (i) we consider the case of the Schwarz-Christoffel transformation to rectangles of large aspect ratio. In (ii) we apply estimates of Gaier based on the curvature of the boundary and show that they do not capture the severe crowding phenomenon. In (iii) we discuss Zemach's estimates based on the Menikoff-Zemach integral equation for the boundary correspondence. In (iv) we give a brief review of Dubiner's general theory. In (v) we apply a theorem of Pfluger from the theory of conformal invariants to give a general estimate of the crowding for elongated sections of a region. In (vi) we give an example which exhibits the algebraic crowding for pinched regions. In ( Note that it is the global property of aspect ratio that is causing the crowding and not the local effects of the corners. Acute corners are singularities in f' which magnify infinitesimal regions infinitely. By contrast, the crowding in example (iv), ?2, for instance, is caused by a singularity of f near which f becomes unbounded. Similarly, it is not the curvature which is causing trouble, as the following estimates of Gaier indicate.
(ii) Gaier's estimates. In [16] and [25] various equations for t(of), the boundary correspondence for the map to the disk, are discussed. In particular, equations for t'(f) would seem right for estimating the distortions in the map. Two such equations derived in [16] and [25] case give a/(2 -a3) < cr'(t) < oo, so the exponential behavior of the upper bound is not captured at all. The exact (Joukowski) map to the exterior of the ellipse gives 1 < oa'(t) < 1/a, whereas Gaier's bounds give a < ca'(t) < 1/a2. Though these bounds are not sharp they do demonstrate that the map to the exterior of a slender region is not a difficult case. This is seen in the numerical experiments in [8] and [24] and in aeronautical engineering applications where Fourier series methods are used to compute potential flow over the exterior of often slender airfoils. The difficult exterior case is the map to, say, the exterior of an inverted ellipse. Roughly speaking, whenever "fingering" occurs in the target region, the mapping problem will be ill conditioned; see Fig. 13 a, b, and c for 3 = .5,.1, .01 , we show the regions, the boundary correspondence 5(t), where a is arclength, the boundary data u(u) = y plotted against a, and the transplanted boundary data u(u(t)) = y plotted against t.
The effect of the crowding on the transplanted data is to make the data more like a step function, which has a slowly converging Fourier series. We illustrate the problems this may cause for computations as follows: The solution to our Dirichlet problem in the disk 0 < r < 1 is Explicit maps such as those due to Grassmann [21] may be used to map extreme regions to nearly circular regions. A Fourier series map to the nearly circular region can then be easily computed and composed with the inverted explicit maps to form a map to the original region. However, experiments reported in [4] and [7] indicate that this does not circumvent the crowding problem since the large distortions in the explicit maps magnify errors in the Fourier series map.
Maps from the region to the disk suffer less severely from crowding; see [27] and [33] . The effect of the curve geometry on the accuracy of the method in this case requires further study. According to [12] the stretching is less severe than the crowding. For maps to the disk we discretize in the plane of the boundary curve. Sufficient accuracy would seem to require that the images of these points sufficiently "resolve" the boundary of the disk. Thus, curves which cause the most stretching would present the greatest difficulties. This is indicated, for instance, in Trummer's [48] 
